, where ω(N ) denotes the number of distinct prime divisors of N . Moreover, it is known that Γ * 0 (N ) is the full normalizer of Γ 0 (N ) if N is divisible neither by 4 nor by 9. In the case N is divisible by 4 or 9, the full normalizer of Γ 0 (N ) is strictly bigger than Γ * 0 (N ), and the factor group is no longer abelian. See [1] and [11] for this topic.
Let X * 0 (N ) be the modular curve which corresponds to Γ * 0 (N ), namely, X * 0 (N ) = X 0 (N )/ {W N } N N . In [13] , Ogg determined all hyperelliptic X 0 (N ) in order to investigate the rational points of Y 0 (N ) = Γ 0 (N )\H, where H is the complex upper half plane. There are nineteen values of N for which X 0 (N ) is hyperelliptic.
After the work of Ogg, Mazur asked Kluit whether it is possible to determine all of hyperelliptic curves of type X * 0 (N ). Since Aut X * 0 (N ) is very small, and the Fuchsian group Γ * 0 (N ) is maximal if N is square-free, Ogg's 1991 Mathematics Subject Classification: Primary 14H45; Secondary 14G05, 14H25, 11F11, 11G30. methods do not seem to work well in this case. So, to check the hyperellipticity of X * 0 (N ) (for given N ), Kluit [10] directly computed the numbers of rational points of X * 0 (N ) over finite fields using traces of Hecke operators (see Section 1) . Note that this procedure only gives a necessary condition for X * 0 (N ) being hyperelliptic. The following table lists the square-free N for which Kluit failed to determine whether X * 0 (N ) is hyperelliptic or not:  127  183  185  194  217  246  258  282  290  310  318  322  345  370  462  510  546  570  690  714  2310 He ended his work by conjecturing that none of these are hyperelliptic. In this article, we shall prove this conjecture.
Notation. Z, Q, C denote respectively the ring of rational integers, the field of rational nambers and the field of complex numbers. F p ν denotes the finite field with p ν elements. P n is the n-dimensional projective space (over a field which may be indicated in each context).
Rational points over finite fields.
Let X be a curve defined over Q. Then X is called sub-hyperelliptic if X is rational (genus = 0), elliptic (genus = 1), or hyperelliptic. Then X is sub-hyperelliptic if and only if there exists a double covering X → P 1 defined over Q. If X is sub-hyperelliptic and has good reduction at a prime p, there exists a double covering X → P 1 over F p , where X is the reduction of X at p. Thus, if X is sub-hyperelliptic and has good reduction modulo p, we have
It is well known that each W N is defined over Q, so that X * 0 (N ) is defined over Q. Moreover, there exists a model of X * 0 (N ) over Z which has good reduction at each prime p with p N (cf. [9] ). Hence if X = X * 0 (N ) is sub-hyperelliptic, (1) holds for all p N . On the other hand, Ogg [13] (see also [14] ) found the inequality
for p N , the first term of the right hand side being the contribution of supersingular points, and the second being that of cusps. From this, we have
. Therefore, if
is sub-hyperelliptic for only finitely many N . P r o o f. We can find an upper bound for N for which X * 0 (N ) may be sub-hyperelliptic. In fact, if N ≥ 10848, there exists a prime p such that p N and satisfies the inequality (4) . This can be shown as follows.
Put
Then f (N ) is multiplicative and g(p) is increasing for p ≥ 2. Suppose all prime numbers are ordered in a natural way: (17) = 434.25. For r > 6, we use induction on r; it is sufficient to show that
This proves the lemma. (Note that p r+1 < 2p r by Chebyshev's theorem.)
Now return to the proof of the Theorem. Write r = ω(N ) and let N = p
). Hence, by the previous lemma, we obtain
i.e., inequality (4) holds if r ≥ 6. Next we assume r < 6 and N ≥ 10848. Then p ≤ p 6 = 13, so g(p) ≤ g (13) = 339. On the other hand, we have
In the proof of the Theorem, we have an explicit but rather rough estimate N < 10848. Checking the inequality (4) for each N = 1, . . . , 10847 with p the first prime not dividing N , and excluding N for which (4) holds, we get the collection of N for which we do not know whether X * 0 (N ) is hyperelliptic or not (Table 1) . 6  163  197  211  244  265  272  274  291  297  301  325  336  340  470  506  561  564  690  780  858  7  193  232  268  288  296  298  309  360  372  450  456  460  474  492  498  504  518  558  582  660  870  924  8  292  408  468  480  534  540  552  606  930  966  990  1020  9  516  522  528  1110  1140  10  600  840  1050  1230  1290  12  2310  13  1260  14  2730  15  1470  19 1680
Next we calculate X * 0 (N )(F p ν ) exactly for all N given in Table 1 , using the traces of Hecke operators. Trace formulas of Hecke operators are given in [8] and [17] . If the inequality (1) breaks down, then X * 0 (N ) is not hyperelliptic. However, the following holds:
as desired.
So testing the inequality X *
Calculation of X * 0 (N )(F p ν ) for square-free N was done in [10] , in which Kluit listed up 21 values of square-free integer N for which he could not determine whether X * 0 (N ) is hyperelliptic or not. He also conjectured that none of these are in fact hyperelliptic; this is equivalent to saying that, under the assumption that N is square-free, X * 0 (N ) is hyperelliptic if and only if it is of genus two. Here we re-calculate X * 0 (N )(F p ν ) for all N given in Table 1 . We will give the list of N 's removed from Table 1 in Appendix A. The remainder of Table 1 is given in Table 2 . (Of course, all N listed in the introduction are contained in Table 2 .) Table 2 Genus N  3  127  136  144  152  162  164  171  175  183  185  194  196  207  217  234  240  246  252  258  270  282  290  294  310  312  315  318  348  420  462  476  510  4  160  176  264  280  300  306  322  342  345  370  546  570  5  216  279  396  630  714  6  336  690  7  360  450  10  840  12  2310  19  1680 2. Determination of hyperelliptic X * 0 (N ). Let S * 2 (N ) be the space of cuspforms of weight two with respect to Γ *
In this section, we assume g ≥ 3. Let f 1 , . . . , f g be a basis of S * 2 (N ). Since S * 2 (N ) can be identified with the space of holomorphic 1-forms, we have a canonical morphism (see, e.g., [5] , Chap. IV, §5)
This gives the canonical embedding if X is not hyperelliptic. Let p be a prime number with (p, N ) = 1 and put 
Applying this to the case N = 97 and N = 273 with p = 2, we can drop two values N = 194 and 546 from Table 2 . Now return to (5). Then X is hyperelliptic if and only if X is of genus zero, and in this case, X is the (g − 1)-uple embedding of P
. So, if X is hyperelliptic, we may assume that f 1 , . . . , f g are of the form
3 q 3 + . . . , 
according as i∞ is an ordinary point or a Weierstrass point, where q = exp(2πiτ ), τ ∈ H. So our interest reduces to the case that S * 2 (N ) has a basis of the form (6) or (7) . In what follows, we assume that S * 2 (N ) has a basis f 1 , . . . , f g of the form (6), because we did not encounter the case that S * 2 (N ) has a basis of the form (7).
Example. Let N = 282. We have obtained a basis of S * 2 (282) which is neither of the form (6) nor (7) (see Appendix B). Thus X * 0 (282) is not hyperelliptic.
If X has g = 3, then X is a plane curve, so X is of genus zero if and only if f 1 , f 2 , f 3 satisfy a quadratic relation. For the case g ≥ 4, X is no longer a plane curve, so it seems to be difficult to determine the genus of X . Instead, we will make use of the following method. (Of course, this can be applied to the case g = 3.) Put
by the condition ord q (w 2 − G(z)) ≥ 1, i.e., the Laurent series w 2 − G(z) consists only of positive q-power terms. Put
Then
Proposition 2. X = X * 0 (N ) is hyperelliptic if and only if the following two conditions hold :
and the genus of C(
Since the image X of X (see (5)) is the (g − 1)-uple embedding of P
and the order of the pole of
On the other hand, there exists an element y ∈ C(X) such that (i) C(X) = C(z, y) and (ii) y 2 
= F (z) with some separable polynomial F (T ) ∈ C[T ], for C(X) is a quadratic extension of C(z). Then dz/y is a holomorphic 1-form on X, so there exists a linear relation
Comparing the orders of zero at i∞ on both sides, we see that dz y = c g 2πif g (τ )dτ.
Put w = c g y and G(T ) = c . . , h. Let ν P (ϕ) denote the order of zero of ϕ ∈ C(X) at P ∈ X, and n ∞ (ϕ) the sum of the orders of the poles of ϕ. Then
This shows that n ∞ (w A basis of S * 2 (N ) is computed by using Brandt matrices and trace formulas of Hecke operators ( [4] , [7] , [8] , [15] , [17] 67  73  85  88  93  103  104  106  107  112  115  116  117  121  122  125  129  133  134  135  146  147  153  154  158  161  165  166  167  168  170  177  180  184  186  191  198  204  205  206  209  213  215  221  230  255  266  276  284  285  286  287  299  330  357  380  390 Their defining equations are given in [6] (see also [12] ). (N )(F p ν ) ) from which we know that X * 0 (N ) is not hyperelliptic. 1, 0, −1, 0, −1, −2, −1, 0, −2, 3, 1)  (0, 0, 1, 0, 0, −1, −3, 0, −3, 0, 1, 1) 
Then we have
G(T ) = T 8 − 6T 7 + 19T 6 − 44T 5 + 67T 4 − 58T 3 + 25T 2 + 4T − 2 and
258
( 1, 0, −1, −1, −1, 1, −1, 0, −1, −2, 1)  (0, 0, 1, −1, −2, 0, 2, 3, −3, 1, 2, −1) 
282
( Let M 0 (p) be the coarse moduli space over Z of the isomorphism classes of the generalized elliptic curves with a finite locally free cyclic subgroup of rank p, and put M * 0 (p) = M 0 (p)/ W p . By [3] , the special fibre M 0 (p) ⊗ F p is reduced and consists of two irreducible components which are the images of the morphisms
where E is an elliptic curve over , ker( φ)). So it exchanges each supersingular point which is properly F p 2 -rational with its conjugate, while it fixes each Numerical values for α i can be found in [2] . An easy calculation shows that there does not exist such an element in PGL 2 (F 127 ). Hence X * 0 (127) is not hyperelliptic.
